We describe a unitary, non-highest weight, irreducible representation of so(1, n), actions of its universal enveloping algebra, and the Sugawara construction.
Introduction
Recently, there was a lot of interest to string theories on AdS, and on other manifolds with boundaries, [1] - [5] and to their relationship to Yang Mills quantum field theories on the boundary. String theory on AdS has a symmetry group, corresponding to isometries of target space, whose bosonic part is SO(1, n). There should be conserved Noether currents corresponding to such symmetries. Also, such string theories should be described by conformal field theories. Usually, when there are conserved currents in a conformal field theory, those currents give rise to a Kac-Moody algebra, the space of states in such conformal theory are in highest weight modules of the Kac Moody algebra, and the Virasoro algebra comes via Sugawara construction [6] .
Algebra so(1, n) is a real form of a complex algebra; still it can be promoted to a loop algebra in the usual way; it is generated by e i ⊗ P (s), with e i ∈ so(1, n), P (s) Laurent polynomials, and the bracket [e i ⊗ P (s), Q where (e i , e j ) is an invariant symmetric form on so(1, n); this form is not positive-definite. Highest weight module for such loop algebra is not unitary.
If we think about boundary states, there are two possible candidates for representations: one non-unitary highest weight, and another unitary, not highest weight. The purpose of this note is to examine the second candidate, using whatever is natural from representation theory
We do not put any supersymmetry here, since it's simpler, and we have to get rid of supersymmetry in the end of the day anyway; as we are dealing with just a representation theory, not with a full string theory, it causes no problems to concentrate on the bosonic sector. We do not have here a central extension of the current algebra (see [2] , [3] for a relevant discussion in supersymmetric case).
2 Unitary irreducible representation of so(1, n) loop algebra and unitary action of operators in universal enveloping algebra
Hilbert space
The loop algebra so(1, n) has an interesting unitary, non-highest weight irreducible representation, which we believe is important and which we describe below. Consider the Hilbert space h of real valued functions φ(X) on a sphere S n : X 1 2 + X 2 2 + . . . + X n 2 = 1 with integral zero, φ(X)dω X = 0, and with the scalar product
We can introduce the Hilbert space H for maps φ(X, s) from S 1 into h, with the scalar product
We introduce bosonic Fock space F of symmetric tensor products F = m H ⊗m , which is also a Hilbert space; its enough to give scalar product
It is easy to compute other scalar products in Fock space of symmetric tensor powers of H, for example
We also introduce Exp(φ()) in a completion of F,
2.2 Unitary irreducible representation of loop algebra so(1, n) via first order differential operators acting on Exp H
We consider maps S 1 → g from a circle into the Lie algebra so(1, n), with the pointwise Lie bracket,
This Lie algebra so(1, n) is given by generators and relations
A unitary irreducible representation is given by
where D is a derivation, which satisfy Leibnits rule, and are skew-adjoint operators in H:
and
where ξ i (X) is a function on a sphere equal to the i-th coordinate,
β is a one-cocycle,
It is easy to verify directly that the operators of the representation are skew adjoint. It can be shown that the representation is irreducible.
Unitary action of universal enveloping algebra in (F ⊗Exp H)
It is easy to check, that if we want to represent elements of universal enveloping algebra by differential operators acting on our Hilbert space of functions, we are forced to have that T [I 1 I 2 ] cannot be equal to just
, since the right hand side doesnot satisfy the commutation relations of our Lie algebra, and also we are loosing skew-adjoint property for T [I 1 ] in the right hand side. As some computatioon shows, it is possible to correct both problems at once, as we show below. We will write explicitly polynomials of degree up to 3: In degree 2, skew-symmetry means that
and the relations are
From this we can deduce how to write a second degree differential operator, representing polynomials of degree 2 in genrators of Lie algebra by unitary operators:
Notice that there is an additional term in the right hand side , which is needed to ensure unitarity.
In degree 3, the differential polynomial is:
Higher degree polynomials are constructed in a similar fashion.
The Rule.
We associate to each I[f (s)] in universal enveloping algebra a differential operator on representation space , by forming scalar products with those terms in all possible ways.
It has the following properties:
Also,
2.4 Virasoro algebra, or how to make Sugawara Construction work Sugawara construction is known for heighest-weight current algebra modules. Our module, constructed above, is not the heighest or lowest weight module, which makes Sugawara construction of Virasoro algebra difficult, and in fact the answer depends on exact prescribtion to perform a summation; namely, (the complex-valued) operators
with m = 0, acts on symbols Expφ; since the main differential symbol of such operator,
is zero, no divergencies appear; however, commutation relations for such operators are not those of Virasoro algebra, since, unlike actions on heighest weight modules, change of summation variable, usually performed in proving commutation relations no longer works (the fact that commutators of such are not that of Virasoro algebra should be obvious by looking at commutators of operator L(f (s)) computed above). We still want to have an action of Virasoro algebra to have any hope for a conformal field theory; and for that we have to modify summation prescription: operators 
for almost all φ.
Conclusions
We believe unitary, non highest weight representations will play a role in describing boundary states in AdS-type constructions. However, nothing is known about conformal field theories, Belavin-Polyakov-Zamolodchikov style, with non-highest weight states for currents; even getting Virasoro algebra is very painful and requires careful regularization of sums. We hope to return to the subject of unitary, non-highest weight conformal field theories in the future.
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